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Abstract
The Hautus test of Russel and Weiss [7] is sufficient for approxi-
mate observability if the system is exponentially stable. In this note
we show by means of an example that this statement does not hold for
strongly stable systems even if the system is modeled by a contraction
semigroup.
1 Introduction and main result
We consider the abstract system
x˙(t) = Ax(t), x(0) = x0, t ≥ 0 (1)
y(t) = Cx(t), t ≥ 0, (2)
on a Hilbert space H . Here A is the infinitesimal generator of a C0-semigroup
(T (t))t≥0 and by the solution of (1) we mean x(t) = T (t)x0, the weak solution.
If C is a bounded linear operator from H to a second Hilbert space Y , then
it is straightforward to see that y(·) in (2) is well-defined, and continuous.
However, in many PDE’s, rewritten in the form (1)-(2), C is only an bounded
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operator from D(A), the domain of A, to Y , although the output is a well-
defined (locally) square integrable function. In the following C will always be
a bounded operator from D(A) to Y . If the output is square integrable on the
time interval (0,∞), then C is called an infinite-time admissible observation
operator, see Weiss [8] and Jacob and Partington [3]. Using the uniform
boundedness theorem, we see that the observation operator C is infinite-
time admissible if and only if there exists a constant L > 0 such that∫ ∞
0
‖CT (t)x0‖2 dt ≤ L‖x0‖2, x0 ∈ D(A). (3)
Note that the first norm is in Y , whereas the second norm is in H .
Assuming that the observation operator C is infinite-time admissible, (1)-(2)
is said to be approximately observable if∫ ∞
0
‖CT (t)x0‖2 dt > 0, x0 ∈ D(A)\{0}. (4)
In Russell and Weiss [7] it is shown that a sufficient condition for approximate
observability for exponentially stable systems is the following version of the
Hautus test:
There exists a constant m > 0 such that for every s ∈ C− and
every x ∈ D(A):
‖(sI −A)x‖2 + |Re s| ‖Cx‖2 ≥ m|Re s|2‖x‖2, (5)
Here C− denotes the open left half plane. We refer the reader to Russell and
Weiss [7], and Jacob and Zwart [4, 5] for more information on this Hautus
test. In this note we show that this results does not hold for strongly stable
systems even if the operator C is bounded and A generates a contraction
semigroup. Our main result is as follows.
Theorem 1.1 There exists a strongly stable contraction semigroup on a
Hilbert space with generator A such that
‖(sI −A)x‖ ≥ m|Re s| ‖x‖, Re s < 0, x ∈ D(A). (6)
In particular, the pair (A, 0) satisfies the Hautus test (5). Clearly the zero
operator is infinite-time admissible for the semigroup, but the pair (A, 0) is
not approximately observable.
The proof of this theorem is given in Section 2.
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2 Proof of the main result
In the following D denotes the set {ρ ∈ C | |ρ| < 1}.
Lemma 2.1 Let T ∈ L(H) be an operator satisfying
‖(ρI − T )x‖ ≥ c(1− |ρ|)‖x‖, ρ ∈ D, x ∈ H,
for some constant c > 0 independent of ρ and x. Then there exists a constant
m > 0 such that
‖(ρI − T )x‖ ≥ m1− |ρ||1− ρ|‖(I − T )x‖, ρ ∈ D, x ∈ H,
Proof: For ρ ∈ D and x ∈ H we have
‖(I − T )x‖ ≤ ‖(ρI − T )x‖+ |1− ρ| ‖x‖
≤ ‖(ρI − T )x‖+ 1
c
|1− ρ|
1− |ρ|‖(ρI − T )x‖
≤
(
1 +
1
c
) |1− ρ|
1− |ρ|‖(ρI − T )x‖

Proposition 2.2 There exists a contraction T ∈ L(H) such that
‖(λI − T )x‖ ≥ 1
2
(1− |λ|)‖x‖, λ ∈ D, x ∈ H,
and
lim
n→∞
‖T nx‖ = 0, x ∈ H.
An even stronger version of this proposition can be found in Faddeev [2,
Theorem 3]. We include a simplified proof which treats our situation.
Proof: As H we choose 2(N). We define T ∈ L(2(N)) by
(Tx)n+1 := μnxn, (Tx)1 = 0, x ∈ 2(N), n ∈ N,
where the sequence (μn)n will be defined later on. The operator T now
satisfies for λ ∈ D:
‖(T − λI)x‖2 = |λ|2‖x‖2 +
∞∑
j=1
|μn|2|xn|2 − 2Re
(
λ
∞∑
j=1
μjxjxj+1
)
.
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Using
|2Reλμjxjxj+1| ≤ βj |λ|μ2j |xj |2 + β−1j |λ| |xj+1|2
for j ∈ N, βj > 0, we get
‖(T − λI)x‖2
≥
∞∑
j=1
(|λ|2 + μ2j )|xj|2 −
∞∑
j=1
(
βj |λ|μ2j |xj |2 + β−1j |λ| |xj+1|2
)
=
∞∑
j=1
(|λ|2 + μ2j )|xj|2 −
∞∑
j=1
βj|λ|μ2j |xj|2 −
∞∑
j=2
β−1j−1|λ| |xj|2
=
∞∑
j=1
(|λ|2 + μ2j − βj |λ|μ2j − β−1j−1|λ|)|xj|2,
where β−10 = 0. Choosing
βj :=
j + 1
j
, β−10 = 0 and μj :=
j
j + 1
we obtain
‖(T − λI)x‖2 ≥
∞∑
j=1
(
|λ|2 + j
2
(j + 1)2
− |λ|
(
j
j + 1
+
j − 1
j
))
|xj |2.
It remains to show that
x2 +
j2
(j + 1)2
− x2j
2 − 1
j2 + j
≥ 1
4
(1− x)2 (7)
for every j ∈ N and every x ∈ [0, 1]. Equivalently, it is to show that
3
4
x2 +
(
j2
(j + 1)2
− 1
4
)
− x
(
2j2 − 1
j2 + j
− 1
2
)
≥ 0 (8)
for every j ∈ N and every x ∈ [0, 1]. For j = 1 inequality (8) reads x2 ≥ 0
which it is of course true. Let now j ∈ N with n ≥ 2. We define γj :=
j2
(j+1)2
− 1
4
, βj := −
(
2j2−1
j2+j
− 1
2
)
and αj := 3/4. Since αj > 0, it remains to
show that the polynomial αjx
2 + βjx + γj has no real root, and this is the
case if β2j − 4αjγj < 0. We have
β2j − 4αjγj =
(
2j2 − 1
j2 + j
− 1
2
)2
− 3j
2
(j + 1)2
+
3
4
=
1 + j − 2j2
(j + 1)2j2
< 0.
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This shows (7) for every j ∈ N and every x ∈ [0, 1], and thus ‖(λI − T )x‖ ≥
1
2
(1 − |λ|)‖x‖ for λ ∈ D and x ∈ H . Since |μj| < 1, j ∈ N, it is easy to see
that T is a contraction. Finally,
∏∞
j=1 μj = 0 implies limn→∞ ‖T nx‖ = 0 for
every x ∈ H . 
Proof of Theorem 1.1: Let T be the operator given by Proposition 2.2.
Since T is power stable, we get that 1 /∈ σp(T ). By Lemma 2.1 there exists
a constant m > 0 such that
‖(ρI − T )x‖ ≥ m1− |ρ||1− ρ|‖(I − T )x‖, ρ ∈ D, x ∈ H,
Let A : D(A) ⊂ H → H be defined by
Ax := (T + I)(T − I)−1x, x ∈ D(A),
D(A) := R(T − I).
In Sz.-Nagy and Foias [6, page 142] it is shown that A generates a strongly
stable contraction semigroup. It remains to show that (6) holds. For x ∈
D(A) and s ∈ C with Re s < 0 we have x = (T−I)y for some y ∈ H , s = ρ+1
ρ−1
for some ρ ∈ D, and
‖(sI −A)x‖ =
∥∥∥∥ρ + 1ρ− 1(T − I)y − (T + I)y
∥∥∥∥ = 2|1− ρ|‖(ρI − T )y‖
≥ 2|1− ρ|2m(1− |ρ|)‖x‖ ≥ m
1− |ρ|2
|1− ρ|2‖x‖ = m|Re s| ‖x‖.

Hence we have constructed an example of a strongly stable contraction
semigroup such that (A, 0) satisfies the Hautus test, whereas this system
is (clearly) not approximately controllable. One might wonder whether a
similar example is possible with a bounded A. In the following paragraph,
we explain that this is not possible.
If A is bounded, then there exists a point in the left-half plane, which is in
the resolvent set of A. Since for any s ∈ C−, ‖(sI −A)x‖2 ≥ m|Re(s)|2‖x‖2,
this implies that C− ⊂ ρ(A), and
‖(sI −A)−1‖ ≤
√
m
|Re(s)| , s ∈ C−.
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By van Casteren [1] this implies that A is similar to a unitary group, and
hence it cannot be strongly stable.
Note that the boundedness of A was only used to have a non-empty inter-
section of the left-half plane and the resolvent set. Thus the above reasoning
still remains valid under the weaker assumption that ρ(A) ∩ C− = ∅.
Acknowledgments: We would like to thank Yuri Tomilov for mentioning
to us the reference [2].
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